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Abstract Bayesian inference offers a flexible framework for parameter estimation and uncertainty
quantification in eco‐hydrological models. However, simultaneously achieving robust posterior exploration and
high computational efficiency for multimodal, high‐dimensional, and computationally intensive targets remains
challenging for the widely used Markov chain Monte Carlo (MCMC) and sequential Monte Carlo (SMC)
methods. In this study, we developed the Parallel Adaptive Transition Particle Evolution Metropolis Sequential
Monte Carlo (PATPEMS) algorithm, which is an adaptive and parallel SMC sampler for posterior distributions
of model parameters in offline calibration. PATPEMS employs an adaptive sequence of intermediate
distributions to control weight degeneracy and automatically select stages, a flexible scheduling of MCMC
proposal kernels used to rejuvenate particles, together with reflection boundary handling to maintain particle
diversity, and a particle‐level parallelization scheme to exploit multicore architectures and reduce wall‐clock
time for computationally intensive models. Performance is assessed on four case studies: two synthetic targets
probing multimodality and high‐dimensional dependence, and a land surface model (LSM) with six parameters
constrained by synthetic and real observations. Across all cases, PATPEMS provides close approximations to
the target posteriors, judged against the analytic ground truth or reference solutions. For the LSM,
parallelization yields substantial wall‐clock speedups over the original non‐parallel implementation. Compared
with the original particle evolution Metropolis sequential Monte Carlo (PEM‐SMC) algorithm, these results
indicate that PATPEMS provides a more adaptive and parallel framework for robust Bayesian calibration of
multimodal, correlated, and computationally demanding land surface and environmental models.

Plain Language Summary Land surface and eco‐hydrological models are central to understanding
water, energy, and carbon exchanges, but their growing complexity makes parameter calibration and uncertainty
estimation increasingly difficult. Standard Bayesian samplers can struggle when posteriors are multimodal,
strongly correlated, or expensive to evaluate. We introduce PATPEMS, a sequential Monte Carlo approach that
improves practical reliability by adaptively constructing a sequence of intermediate distributions, flexibly
combining complementary move kernels, and using reflection‐based handling for bounded parameters. Its
particle‐level parallel design directly leverages multicore computing, reducing wall‐clock time for likelihood‐
intensive models. Across two synthetic benchmarks and land‐surface model calibrations with synthetic and real
observations, PATPEMS produces posterior estimates consistent with analytic or reference solutions and
demonstrates clear runtime benefits in the expensive model setting.

1. Introduction
Land surface models (LSMs) are vital tools for understanding, projecting, and predicting the relationships be-
tween humans and the Earth system (Bonan & Doney, 2018; Lawrence et al., 2019). After three decades of
development, LSMs have become more complex and comprehensive, often involving a large number of pa-
rameters to represent the properties of the system (Blyth et al., 2021; Fisher & Koven, 2020; Ricciuto et al., 2018).
Therefore, how to choose a set of suitable parameters that gives a good fit to data is increasingly critical for
improving model performance and identifying model structural limitations (Huang et al., 2016; Lu et al., 2018;
Ricciuto et al., 2011). However, properly estimating (calibrating) model parameters is still recognized as a great
challenge within the LSM community (Fisher & Koven, 2020).

In recent years, Bayesian inference has gained growing popularity in complex model parameter estimation, due to
its flexibility in integrating multi‐source data and its ability to rigorously quantify various uncertainties (Jeremiah
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et al., 2011; Link & Barker, 2009; Pokhrel et al., 2008; Zyphur & Oswald, 2015). In environmental and eco‐
hydrological applications, Bayesian methods are used both for online state estimation in dynamical state‐space
models and for offline calibration problems formulated as static posterior parameter distributions, with the
latter being the focus of this study. However, in most practical applications, these posteriors are analytically
intractable and must be approximated using computational methods (Marin et al., 2012; Zhu et al., 2025). Among
these methods, Kalman filters and smoothers that propagate ensembles of model states (e.g., EnKF/EnKS and
their iterative variants) are widely used because they are extremely fast and straightforward to implement for large
geophysical systems. However, in strongly nonlinear and non‐Gaussian regimes, their linear Gaussian updating
typically yields only an approximate representation of the posterior and may understate the uncertainty or
multimodal structure (Annan et al., 2005; Evensen, 1994). Alternatively, Bayesian inference can be carried out
with Monte Carlo samplers that approximate the posterior by a cloud of model evaluations, and thus accom-
modate more complex posterior shapes, albeit at a higher computational cost. Among such approaches, Markov
chain Monte Carlo (MCMC) algorithms are the most widely used for parameter estimation and posterior
approximation in environmental models (LeBauer et al., 2013; Liang et al., 2011; Metropolis et al., 1953).
Numerous variants have been proposed to enhance sampling efficiency using single or multiple chains (Cal-
derhead & Girolami, 2009; Hastings, 1970; Luengo et al., 2020). In particular, multi‐chain differential evolution
(DE) schemes such as differential evolution Markov chain (DE‐MC) and differential evolution adaptive
Metropolis (DREAM) often explore complex posteriors more effectively than single‐chain methods (Ter
Braak, 2006; Ter Braak & Vrugt, 2008; Vrugt, 2016; Vrugt et al., 2009). However, MCMC algorithms rely on the
long‐term behavior of Markov chains to reach the posterior distribution, and diagnosing convergence can be
challenging in practice. Sequential Monte Carlo (SMC) samplers provide an alternative strategy for static
Bayesian inference: a set of weighted particles is transported from an initial distribution through a sequence of
intermediate targets to the desired posterior via importance reweighting, resampling, and rejuvenation moves
(Doucet et al., 2000; Jeremiah et al., 2011; Zhu et al., 2018). SMC does not depend onMarkov chain convergence
and directly delivers a weighted posterior particle ensemble, but suffers from weight degeneracy and particle
impoverishment, especially for sharp or high‐dimensional targets (Li et al., 2014; Owen & Tribble, 2005).

Given these complementary strengths and weaknesses, hybrid algorithms that combine MCMC and SMC have
attracted increasing attention. In the broader SMC literature, many such hybrid algorithms have been developed
for state‐space and trajectory inference, including the particle Markov chain Monte Carlo method and its inter-
acting variants (Andrieu et al., 2010; Lindsten et al., 2014; Rainforth et al., 2016), particle filters that incorporate
MCMC moves for multiple‐target tracking (Khan et al., 2004), and particle filtering and smoothing methods
(Doucet & Johansen, 2010; Gilks & Berzuini, 2001). In contrast, for static posterior distributions arising in offline
calibration, hybridization has mainly taken the form of embedding MCMC rejuvenation kernels within SMC
samplers. In most of the existing implementations, these kernels are local random walk Metropolis (RWM) or
adaptive RWM updates (Chopin, 2002; Del Moral et al., 2006; Jeremiah et al., 2011, 2012), which can mix poorly
on strongly multimodal or highly correlated posteriors and thus limit the efficiency of SMC in demanding
calibration problems, highlighting the need for stronger, globally informed proposal mechanisms within SMC to
efficiently address challenging multimodal and high‐dimensional targets.

Within this line of work on static posteriors, we previously proposed the particle evolution Metropolis‐sequential
Monte Carlo (PEM‐SMC) algorithm (Zhu et al., 2018). Inspired by the efficiency of DEMCMC schemes such as
DE‐MC and DREAM (Braak, 2006; Ter Braak & Vrugt, 2008; Vrugt et al., 2007), PEM‐SMC incorporates a
differential evolution proposal and random subspace crossover into the SMC framework to promote cross mode
jumps and coordinate wise diversity. PEM‐SMC has demonstrated strong performances on challenging posteriors
in ecosystem, land surface, and soil hydraulic model calibration (Speich et al., 2021; Wang et al., 2023; Xu
et al., 2024), making it a natural backbone for developing a more robust and scalable sampler for expensive
environmental models. However, experience with PEM‐SMC on computationally intensive models reveals
several structural limitations that are typical of practical SMC implementations. First, a fixed sequence of in-
termediate distributions cannot adapt to case‐dependent differences in posterior sharpness and dimensionality:
large increments between intermediate distributions trigger weight collapse and frequent resampling, whereas
small increments inflate the number of stages and waste computation, thereby degrading performance and ef-
ficiency. Second, the ordering of Markov move types is hard‐wired: each stage applies a local RWM perturbation,
a crossover style recombination step, and a differential evolution Metropolis (DE‐MH) update. These three
kernels play complementary roles—RWM explores local neighborhoods, crossover mixes information across
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coordinates, and DE‐MH proposes long‐range, cross‐mode jumps—so this hard‐wired ordering may be far from
optimal for targets with differing geometries and dependence structures. Third, the prior practice of discarding
out‐of‐bounds candidates can lead to many rejected proposals when the posterior mass lies close to box con-
straints, thereby reducing proposal efficiency and acceptance. Finally, wall‐clock time remains a practical
bottleneck for expensive complex models with long single‐run durations (e.g., multi‐day LSM calibrations).
Although SMC is naturally parallel due to per‐particle independence (Geweke & Durham, 2011; Pattuk
et al., 2016), the original PEM‐SMC algorithm lacked a parallel implementation.

To address these limitations, we propose the Parallel Adaptive Transition Particle Evolution Metropolis
Sequential Monte Carlo (PATPEMS) algorithm: an enhanced framework that emphasizes robustness and prac-
ticality through three refinements. (a) Parallelism (P) exploits concurrency in both the reweighting and moving
step, yielding clear wall‐clock speedups for models with expensive likelihood evaluations. (b) Adaptive transition
(AT) designs the sequence of intermediate distributions so that increments are aligned with weight stability,
thereby constraining stage growth, and improving sample efficiency. And (c) Flexible scheduling of move op-
erators (PEM) enables problem‐tailored ordering and repetition of RWM, crossover, and DE‐MH operators,
coupled with two boundary handlers, to preserve reversibility and reduce wasted proposals.

The remainder of this paper is organized as follows. Section 2 presents the methodological background and our
algorithmic design, covering SMC, PEM‐SMC, and the proposed PATPEMS algorithm. Section 3 describes the
benchmark experiments with known targets, using two synthetic distributions to probe the multimodality and
high‐dimensional scalability. Section 4 presents two real‐world case studies on LSMmodel parameter estimation
with synthetic and real observations. Section 5 discusses the main findings and the scope of applicability. Sec-
tion 6 concludes the work and outlines directions for future work.

2. Methods
2.1. Problem Formulation and Bayesian Framework

In Earth system models, uncertainties arise in both observations and simulations, and can be mathematically
expressed as:

yt = f (xt; θ) + εt, t = 1,2,… ,n (1)

where t is the time index, yt ∈R denotes the observation at time t, f (xt; θ) is the model output corresponding to the
model forcing inputs xt ∈R, the d‐dimensional parameter vector θ ∈ Rd, and the residual error arising from both
observation and model uncertainties εt ∈R. The goal of model parameter calibration is to estimate the parameter
vector θ such that the model outputs f (xt; θ)match the observations yt as closely as possible.

Bayesian inference, grounded in Bayes' theorem, provides a rigorous and systematic framework for parameter
estimation. Within a Bayesian framework, prior knowledge is combined with observed data to update the beliefs
about the parameter vector θ. Let y = [y1,y2,… ,yn]⊤ ∈Rn denote the observation vector composed of the scalar
observations at n time steps. The posterior distribution of the parameters is expressed as:

p(θ∣y) =
p(θ) p( y∣θ)

p( y)
∝ p(θ) p( y∣θ) (2)

where p(θ∣y) is the posterior distribution, representing the updated beliefs about the parameters after observing
the data, p(θ) is the prior distribution, reflecting the initial beliefs about the parameters before observing the data,
p( y) is a normalizing constant that ensures that the posterior distribution integrates to 1, and p( y∣θ) is the
likelihood function, describing the probability density of observing the data y for given values of the parameter
vector θ. The likelihood function depends on the statistical characteristics of the residuals
ϵ = [ε1,ε2,… ,εn]⊤ ∈Rn, which captures the discrepancies between the model and the observed data.

2.2. Sequential Monte Carlo Sampler (SMC)

The posterior distribution p(θ∣y) is often challenging to compute analytically and difficult to sample directly
from, especially in high‐dimensional or multimodal contexts. SMC methods address these challenges by
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introducing a sequence of intermediate distributions and filtering particles from the prior distribution to the
posterior distribution. Here, the SMC framework is employed for offline Bayesian inference of static model
parameters. Thus, the term “sequential” refers to the progression through a sequence of intermediate bridging
distributions from the prior to the posterior, rather than to physical‐time evolution in a state‐space filtering
problem. Generally, the intermediate distribution is constructed using the geometric bridge method (Jeremiah
et al., 2011, 2012):

πs(θ)∝ p0(θ)
1− βsp(θ∣y)βs , s = 0,1,… ,S (3)

where p0(θ), · πs(θ), and p(θ∣y) represent the initial, intermediate, and posterior distributions, respectively. βs
forms a monotonically increasing sequence ranging from 0 to 1, that is, 0 ≤ β0 ≤ β1 ≤ ⋯ ≤ βS = 1. Hence
π0(θ) = p0(θ) when β0 = 0, and πS(θ) = p(θ∣y) when βS = 1. This geometric bridge construction is similar to
the temperature ladders used in parallel tempering MCMC (Earl & Deem, 2005; Miasojedow et al., 2013), which
simulate multiple Markov chains at different inverse temperatures with occasional state swaps. Figure 1 gives an
overview of the overall SMC framework (initialization, reweighting, resampling, and moving) and contrasts the
three samplers introduced in Sections 2.2–2.4: SMC, PEM‐SMC, and PATPEMS.

2.2.1. Initialization

The SMC sampler is initialized by drawing a population of N particles {θ(0)j }
N

j=1
from an initial sampling dis-

tribution π0(θ) = p0(θ). In practice, p0(θ) is commonly (but not necessarily) chosen as the prior p(θ), and any
distribution from which direct simulation is feasible can be used. Each particle is associated with a weight, and the

initial weighted sample is represented as {θ(s)j ,w
(s)
j }

N

j=1
. Since at the stage s = 0 the target is π0(θ) and particles are

drawn i.i.d. from π0, all the initial importance weights are equal, that is,w
(0)
j = 1/N. At each stage s, the weighted

particle set {(θ(s)
j ,w

(s)
j )}

N

j=1
is updated through the standard reweight‐resample‐move cycle.

Figure 1. Flowcharts of the three SMC samplers considered in this study. The colored elements in the PEM‐SMC and
PATPEMS panels highlight the main modifications of the proposed algorithms relative to the baseline SMC framework. The
dashed‐outline boxes indicate steps executed in parallel; “—” denotes behavior identical to the SMC baseline; πs(θ) denotes
the posterior target distribution.
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2.2.2. Reweighting

The reweighting process is essential for the convergence of the SMC framework. In this step, particle positions
remain unchanged, that is, θ(s)j = θ(s − 1)j , while their weights w(s)

j ( j = 1,2,… ,N) are updated based on the
density ratio between the current and previous intermediate targets:

w(s)
j = w(s− 1)

j

πs(θ(s− 1)j )

πs− 1(θ(s− 1)j )
= w(s− 1)

j [p(y∣θ(s− 1)j )]
βs − βs− 1

(4)

where the second quality follows from the geometric bridge πs(θ) ∝ p(θ)[p( y∣θ)]βs . This formula increases the
weights of particles with higher density under πs(θ) compared to πs − 1(θ) and decreases the weights of those with

lower density. The updated weights w(s)
j ( j = 1,2,… ,N) are then normalized so that ∑

N

j=1
w(s)

j = 1. Through

reweighting, particles gradually align with the current intermediate distribution πs(θ), giving greater prominence
to those closer to the target.

2.2.3. Resampling

Repeated reweighting typically leads to particle degeneracy, where a small number of particles carry most of the
weight and the remainder have a negligible influence on the posterior estimates. Resampling combats this by
discarding low‐weight particles and replicating high‐weight ones, thereby restoring an effective population for the
next stage. Degeneracy is monitored using the effective sample size,

ESS = (∑

N

j=1
(w(s)

j )
2
)

− 1

(5)

A common policy is to trigger resampling whenever ESS < E, with E chosen in the range of 0.3N − 0.8N (Fan
et al., 2008). When resampling is invoked, the SMC sampler draws N particles from the empirical discrete
distribution

∑
N

j=1
w(s)

j δθ(s)j
(6)

where δθ(s)j
denotes the Dirac point mass centered at particle θ(s)

j . Thus, ∑
N

j=1
w(s)

j δθ(s)j
represents the weighted

empirical distribution of the current particle system. After resampling, all particle weights are reset to 1/N. A
variety of resampling schemes can be used. Among standard unbiased resampling schemes, multinomial
resampling is the simplest but typically introduces the largest random fluctuation in the number of copies assigned
to each particle during resampling (Doucet et al., 2000). Stratified and systematic resampling usually reduce this
fluctuation at essentially the same computational cost, and systematic resampling is adopted as the default scheme
in this study (Arulampalam et al., 2002). Residual resampling first allocates ⌊Nw(s)

j ⌋ copies deterministically and
then applies low‐variance sampling to the residual weights, which can further reduce resampling variance when
the weight distribution is highly uneven.

2.2.4. Moving (MCMC Rejuvenation)

Resampling alleviates weight degeneracy but may also introduce sample impoverishment, that is, many replicated
particles with reduced diversity. The move step is therefore used to rejuvenate particles under the current in-
termediate target πs through a Markov chain Monte Carlo (MCMC) transition kernel Ks that leaves πs invariant.
This idea has been widely used in SMC‐type samplers and related particle methods to restore particle diversity
and improve mixing after resampling. For example, Particle‐DREAM uses MCMC updates after particle
resampling to mitigate particle degeneracy and sample impoverishment and thereby improve particle diversity
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(Vrugt et al., 2013). In the present study, we refer to this operation generically as the move step within the SMC
sampler.

Let {(θ(s)j ,w
(s)
j )}

N

j=1
denote the particle population after reweighting and possible resampling. For each particle, a

candidate θ(s)p is drawn from a stage‐specific proposal density qs(·∣θ
(s)
j ) and accept it with the Metropolis‐Hastings

(M‐H) probability:

α(θ(s)
j ,θ

(s)
p ) = min

⎧⎪⎨

⎪⎩
1,
πs(θ(s)p )js(θ(s)j ∣θ(s)p )

πs(θ(s)j )js(θ(s)p ∣θ(s)j )

⎫⎪⎬

⎪⎭
(7)

where js(·∣·) denotes the proposal density used at stage s, which may vary across stages, especially for adaptive

proposals. In the simplest case without boundary mappings, js(θ(s)p ∣θ(s)
j ) = qs(θ(s)p ∣θ(s)

j ) is the proposal density. If

accepted, we set θ(s)
j ← θ(s)p otherwise, θ(s)j remains unchanged. The weights are left unchanged because Ks is

constructed to have πs as its stationary distribution.

Common proposal choices qs include: (i) a random‐walk Metropolis (RWM) proposal with a symmetric d‐variate
Normal perturbation,

θ(s)p = θ(s)j + η,η ∼ Nd (0,γ2Id), (8)

that is,

js(θ(s)p ∣θ(s)
j ) = Nd (θ(s)p ; θ(s)j , γ

2Id), (9)

where η ∈ Rd is a Gaussian perturbation, 0 ∈ Rd is the zero vector, and Id ∈Rd× d is the d‐dimensional identity
matrix, and γ is a proposal scale parameter controlling the step size of the random‐walk proposal. A practical
choice is γ = 2.38/

̅̅̅
d

√
for moderate dimensions (Ter Braak, 2006). (b) Adaptive random‐walk Metropolis

(ARM), which uses the empirical covariance of the previous population and thereby adapts to the posterior
correlation structure while typically improving acceptance and mixing. Proposals falling outside the prior support
are usually rejected. Applied after resampling, the move step counteracts sample impoverishment, enhances
exploration of high posterior density regions, and maintains a well‐mixed particle system at stage s.

2.3. Particle Evolution Metropolis SMC Sampler (PEM‐SMC)

Compared with the baseline SMC, PEM‐SMC keeps the initialization, reweighting, resampling, and the
geometric‐bridge sequence of intermediate distributions unchanged, but replaces the basic move step with particle
evolution Metropolis (PEM), in which the crossover operator (XOVER) and the differential evolution proposal
(DE‐MH) are used to generate candidate particles that are then accepted or rejected through an MH step
(Figure 1). This design targets the sample impoverishment that may persist after resampling and the short‐step
behavior of purely local random‐walk proposals under the current intermediate target πs, thereby improving
particle diversity and posterior exploration efficiency.

1. Crossover operator (XOVER): At stage s, we select without replacement a parental pair (θ(s)
i ,θ

(s)
j ) with isj

from the current population, where θ(s)i and θ(s)j are d‐dimensional parameter vectors, and generate an offspring
pair (θ(s)

i,p,θ
(s)
j,p). With a one‐point crossover, we draw an index k uniformly from {1,… ,d} and swap the co-

ordinates to the right of k between the two parents:

θ(s)
i,p = (θ(s)i [1 : k],θ(s)

j [k + 1 : d]), θ(s)j,p = (θ(s)
j [1 : k],θ(s)i [k + 1 : d] ) (10)

Water Resources Research 10.1029/2025WR040933

XU ET AL. 6 of 28

 19447973, 2026, 7, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2025W

R
040933 by Z

hongshan U
niversity, W

iley O
nline L

ibrary on [03/07/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



The operation is applied with probability pc. The offspring pair is then accepted according to the general
Metropolis‐Hastings (MH) rule:

rc =
πs (θ

(s)
i,p)πs (θ

(s)
j,p)js((θ

(s)
i ,θ

(s)
j ) ∣ (θ(s)i,p,θ

(s)
j,p))

πs(θ(s)i )πs(θ(s)j )js((θ
(s)
i,p,θ

(s)
j,p) ∣ (θ(s)

i ,θ
(s)
j ))

, αc = min{1, rc} (11)

where js(·∣·) denotes the jump density for jumps between the parental and offspring pairs, including the selection
probability of the parent pair and the probability of generating the particular offspring, for example, through the
draw of k. Under the symmetric selection/generation scheme used here (uniform parent selection and uniform k),
one has:

js((θ
(s)
i,p,θ

(s)
j,p) ∣ (θ(s)i ,θ

(s)
j )) = js((θ(s)i ,θ

(s)
j ) ∣ (θ(s)i,p,θ

(s)
j,p)) (12)

Therefore, the proposal terms cancel, and the acceptance probability reduces to the standard Metropolis form, that
is, a target density ratio. If the jump density were asymmetric, the general Metropolis‐Hastings form in Equa-
tion 11 would apply. By recombining coordinates across particles, crossover injects coordinate‐level variability
into the particle population, which is especially beneficial in high dimensions and improves within‐mode mixing
and dimension‐wise diversity.

2. Differential evolution proposal (DE‐MH): To further increase particle diversity, we update a particle θ(s)j using
two distinct peer particle through a differential‐evolution proposal mechanism. This operator is inspired by the
differential‐evolution Markov chain framework of Ter Braak (2006) and its subsequent development in
DREAM‐type samplers (Vrugt et al., 2009), and is also closely related to the differential‐evolution‐style
MCMC rejuvenation used in Particle‐DREAM (Vrugt et al., 2013). In PEM‐SMC, the resulting
differential‐evolution proposal is written as:

θ(s)
j,p = θ(s)j + γ(θ(s)r1 − θ(s)

r2 )+ ζ, (13)

where r1 and r2 are distinct indices randomly selected from {1,… , j − 1, j + 1,… ,Np}. Following Ter

Braak (2006), we set the DE jump rate to γ = 2.38/
̅̅̅̅̅
2d

√
, which gives near‐optimal acceptance rates for DE‐MC

in d‐dimensional Gaussian targets; we add a very small isotropic jitter ζ ∼ Nd (0,bId), with b = 10− 6, to avoid
proposal degeneracy; and both γ and the jitter variance are exposed as tunable options in the new algorithm. The
proposed candidate is then accepted according to the general Metropolis‐Hastings (MH) rule:

rm =
πs (θ

(s)
j,p)js(θ(s)j ∣θ(s)j,p)

πs(θ(s)j )js(θ
(s)
j,p∣θ

(s)
j )

, αm = min{1, rm} (14)

where js(·∣·) denotes the jump density of the differential evolution proposal, including peer selection and the
probability of generating the particular Gaussian jitter. Under symmetric peer selection and Gaussian jitter, the
forward and reverse transfer probabilities are equal, so the proposal terms cancel, and the acceptance probability
reduces to the standard Metropolis form, that is, a target‐density ratio. If the jump density were asymmetric, the
general Metropolis‐Hastings form in Equation 14 would apply. Because the difference vector (θ(s)

r1 − θ(s)r2 ) cap-
tures population directions of high variation, the differential‐evolution proposal naturally produces anisotropic,
scale‐adaptive jumps that reduce random walk behavior and facilitate mode‐to‐mode moves, thereby enhancing
global exploration.

Together, the crossover (dimension‐wise recombination) and differential‐evolution proposal (population‐dif-
ference jumps) form the PEM proposal. When coupled with the M‐H accept/reject step, they improve both the
within‐mode mixing and cross‐mode mobility under πs, thereby increasing particle diversity and mixing effi-
ciency. In this sense, PEM‐SMC incorporates proposal ideas related to differential‐evolution‐based population
MCMC methods into the move step of an SMC sampler for static posterior inference.
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2.4. PATPEMS: Parallel Evaluation, Adaptive Transition, and Enriched Moves

Compared with the original PEM‐SMC algorithm, PATPEMS introduces three main enhancements (Figure 1).
First, the likelihood evaluations during both weighting and move steps are parallelized to better exploit multi‐core
hardware. Second, an adaptive conditional effective sample size (CESS)‐based scheme constructs the sequence of
intermediate distributions while controlling stage growth. Third, a more flexible configuration of local and global
move kernels, together with reflective boundary handling near box constraints, improves robustness under
constrained posteriors.

These modifications are introduced within the same general SMC framework described above, in which particles
are gradually transported from the prior distribution to the posterior distribution through a geometric‐bridge
sequence of intermediate targets. Related hybrid particle MCMC methods, including Particle‐DREAM, have
also used MCMC rejuvenation to improve particle diversity after resampling (Vrugt et al., 2013). In PATPEMS,
however, the main extension lies in integrating parallel likelihood evaluation, adaptive transition of intermediate
distributions, enriched move operators, and reflective boundary treatment into a unified SMC sampler for
computationally intensive static parameter estimation.

2.4.1. Parallel Implementation for Computationally Intensive Models

The two main computational hot spots in SMC‐type samplers are the reweighting step (likelihood evaluation for
the current particles) and the move step (likelihood evaluation for newly proposed candidates). In PATPEMS, we
exploit the fact that these evaluations are independent across particles and use a simple host‐worker scheme to
carry them out in parallel.

1. Parallelization of the reweighting step: because the reweighting step is evaluated for each particle indepen-
dently, we execute it in parallel using multiple compute nodes (e.g., CPU cores). At each stage s, the host

partitions the current population {(θ(s)j ,w
(s)
j )}

j=1,… ,Np
across the available compute nodes (e.g., CPU cores). On

each node, the assigned particles are passed to the model to generate simulated outputs f(xt; θ
(s)
j ) and the

corresponding likelihood values p(y∣θ(s)j ). Each node then sends its local results back to the host process. The

host updates and normalizes the weights to form the global set {w(s)
j } (Figure 2). To avoid race conditions

caused by concurrent model execution and file I/O, each worker runs in a dedicated working directory that is
removed after completion.

2. Parallelization of the move step: Candidate particles generated by the selected sequence of move kernels
(ARM and PEM operators) are also evaluated on the worker nodes (Figure 3). Each worker receives a batch of
candidates {θ(s)j,p}, calls the model to obtain simulated outputs f (xt;θ

(s)
j,p) and likelihood values p(y∣θ(s)j,p), and

applies the M‐H acceptance test locally under the current target πs. Only the accepted updates are sent back to
the host to refresh the population. Conceptually, each particle is updated independently by a local M‐H step
and then written back to the population.

For realistic hydrologic and Earth system models, likelihood evaluation dominates runtime. The proposed par-
allelization reduces wall‐clock time almost linearly with the number of available cores until model I/O or memory

Figure 2. Parallel diagram of the reweighting step in the PATPEMS algorithm.
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becomes the bottleneck. The scheme is agnostic to the adaptive schedule, requires minimal interprocess
communication, and preserves the statistical correctness of the sampler. In practice, parallel reweighting and
moving make PATPEMS viable for computationally intensive parameter estimation where serial SMC/PEM‐
SMC would be prohibitively slow.

2.4.2. Adaptive Transition of Intermediate Distributions

A fixed exponential sequence {βs}
S
s=0 is simple but does not adapt to the difficulty of the target distribution. When

the likelihood is sharp, large fixed increments may place successive intermediate distributions too far apart and
create weight degeneracy; when it is flat, the same increments make them unnecessarily close and inflate the
number of stages. To mitigate these issues, PATPEMS adopts an adaptive schedule that chooses βs+ 1 > βs at
every stage so that the importance weights remain stable and the total number of stages remains moderate. Let
Δβ = βs+ 1 − βs. With the current normalized weights,

{w(s)
i }

Np

i=1
(∑

Np

i=1
w(s)

i = 1) (15)

and incremental factors ui(Δβ) = exp {Δβli} where li = log p(y∣θ(s)
i ), the conditional effective sample size

(CESS) is:

CESS(Δβ) =
(∑

Np
i=1 w

(s)
i ui(Δβ))

2

∑
Np
i=1 w

(s)
i u2i (Δβ)

(16)

The relative measure Rc = CESS(Δβ)/Np reduces to the current ESS/Np when Δβ = 0. At each stage, we select
Δβ so that τlow ≤ Rc ≤ τhigh. Because Rc decreases monotonically in Δβwhenever Varw(l) > 0, we first use the
variance approximation Rc ≈ exp{− Varw(l)Δβ2} to obtain a predicted step size Δβpred at the geometric mid‐
point of the target band:

Δβpred =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− log ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅τlowτhigh

√

max(Varw(l),ε)

√

(17)

To avoid excessively small or large changes in the predicted increment, it is then restricted by three simple
bounds:

Δβmin ≤ Δβ ≤ Δβmax, Δβ ≤ G × Δβpred (18)

where G represents the growth factor, which prevents sudden step inflation across stages; Δβ is kept between the
user‐specified lower and upper limits Δβmin and Δβmax (defaults: 10− 5 and 0.1), and it is not allowed to grow
faster than. If the resulting step still does not place Rc within the band [τlow,τhigh], we run a short monotone
bisection search on the interval [Δβmin,Δβmax] to find the largest Δβ with Rc ≥ πlow and then nudge it toward the
interior of the band. This Rc band schedule yields steps that are large enough to make progress and small enough to
avoid collapse, automatically shortening stages in sharp regions and lengthening them in diffuse regions, while
the guard set (Δβmin,Δβmax,G) provides robust, problem‐agnostic safety rails.

2.4.3. Flexible Particle Movement Strategy and Boundary Handling

In PEM‐SMC, the loss of particle diversity after resampling is alleviated by a fixed move step that rejuvenates the
population using three MCMC operators: a local random‐walk Metropolis (RWM) update together with the two
PEM operators, namely crossover and differential‐evolution proposal. PATPEMS retains this general rejuve-
nation idea, which is also consistent with related hybrid particle‐MCMC methods that use post‐resampling
MCMC updates to improve particle diversity, but further enriches and reorganizes the move stage for static
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parameter inference. Specifically, RWM is replaced by an adaptive random‐walk Metropolis (ARM) kernel that
learns covariance information from the current particle population, leading to better local scaling and typically
improved acceptance and mixing near high‐posterior‐density regions. Because the three operators act through
different mechanisms—differential‐evolution proposal promotes long‐range jumps through population differ-
ences, crossover enhances dimension‐wise diversity through recombination, and ARM provides local
refinement—PATPEMS allows the execution order to be user‐defined and permits repetitions of any operator
within a stage. This flexibility improves the ability of the sampler to explore multimodal and anisotropic posterior
distributions while maintaining particle diversity.

When the population is near the prior boundary, the ARM and DE‐MH proposals may step outside the prior box

B = ∏
d

q=1
[θmin,q,θmax,q], where subscript q denotes the coordinate index. The original PEM‐SMC algorithm

handled such cases by rejecting and redrawing within bounds (Figure 4a), which can lead to repeated proposal
attempts and reduce proposal efficiency near the boundaries. In PATPEMS, we instead introduce a deterministic
reflection map that sends any out‐of‐bounds proposals back into B, thereby reducing repeated proposal attempts
while retaining a valid Metropolis‐Hastings transition under bounded priors (Figure 4b), following the reflection‐
based boundary treatment discussed in the DREAM literature (Vrugt, 2016; Vrugt & Ter Braak, 2011). This
treatment is introduced mainly to provide a theoretically cleaner and more consistent bounded‐domain handling
for the M‐H proposals. We define the coordinate wise reflection operator Trefl , which maps any unconstrained
candidate vector back into the bounded prior box B, as Trefl : Rd → B. For the qth coordinate, let the interval

width be wq = θmax,q − θmin,q. Given an unconstrained candidate θ̃(s)j,p, where j denotes the particle index, p
indicates the proposed candidate, and q denotes the coordinate index, the reflected qth coordinate is obtained as:

Figure 3. Parallel diagram of the differential‐evolution proposal step in the PATPEMS algorithm.

Figure 4. Boundary handling for out‐of‐bounds proposals in PATPEMS: (a) “reject” (redraw): proposals outside the prior
box are rejected and redrawn within bounds; (b) “reflect”: the exceeded coordinate is mirrored at the boundary via the
triangular wave reflection map Equation 19, avoiding wasted proposals and improving mixing near the edges of the box. The
reflection schematic in panel (b) is adapted from Figure 6 in Vrugt (2016).
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θ(s)j,p,q = θmin,q + ρ(θ̃(
s)
j,p,q − θmin,q;wq) (19)

Applying this mapping independently for q = 1,… ,d yields the reflected vector Trefl( θ̃(s)j,p)∈ B. Here, we use a

coordinate‐wise triangular‐wave reflection operator, following the reflection construction described by
Vrugt (2016), defined as:

ρ(u;w) = w − {|mod (u, 2w) − w|∈ [0,w]} (20)

where mod (·, ·) denotes the modulo operator. This triangular‐wave expression is mathematically equivalent to
repeatedly applying the single‐reflection rule until the coordinate re‐enters the interval [θmin,q,θmax,q]. Here, it
provides a reversible and practically convenient coordinate‐wise mapping from Rd back to the bounded prior box
B. As further shown by a dedicated boundary‐active diagnostic test Text S1 in Supporting Information S1, the
reflection treatment yields higher acceptance rates for both the ARM and DE‐MH moves than reject‐and‐redraw,
while leading to a very similar posterior approximation. These results indicate that its main practical benefit lies in
more effective and theoretically cleaner handling of boundary‐crossing proposals, rather than in materially
altering the final posterior approximation.

Having specified the mappings, we next clarify that it is compatible with a reversible Metropolis‐Hastings move.
Starting from the current particle θ(s)j , we first generate an uncontrained proposal

θ̃(s)j,p = θ(s)j + ϵ,ϵ ∼ g (21)

where g is a base increment density symmetric about zero, that is, g(ε) = g(− ε), for example, the ARM proposal

with stage‐wise frozen covariance or the DE‐MH proposal with symmetric jitter. If θ̃(s)
j,p ∉ B, we map it back into B

coordinate‐wise using the reflection map Trefl, yielding the in‐box proposal

θ(s)
j,p = Tref ( θ̃(s)j,p) (22)

The resulting stage‐s proposal density is therefore the induced density:

js(θ
(s)
j,p∣θ

(s)
j ) = ∫ δ(θ(s)j,p − Tref (θ(s)j + ε))g(ε) dε (23)

This reflected‐proposal construction follows the reversibility arguments developed for DREAM boundary
handling in prior work (Vrugt, 2016; Vrugt & Ter Braak, 2011), and is adopted here to handle bounded parameter
domains within the PATPEMS move step. For the reflection operator, Trefl is involutive and measure‐preserving,
with unit Jacobian almost everywhere. The formal derivations and the corresponding one‐dimensional forward
reverse pairing argument are provided in Text S2 of Supporting Information S1. Since g is symmetric and Trefl
induces a reversible reflected proposal, we obtain:

js(θ(s)j,p∣θ
(s)
j ) = js(θ(s)

j ∣θ(s)j,p) (24)

Accordingly, the proposal terms in Equation 5 cancel, and the Metropolis–Hastings acceptance probability
simplifies to:

α(θ(s)j ,θ
(s)
j,p) = min

⎧⎪⎨

⎪⎩
1,
πs (θ

(s)
j,p)

πs(θ(s)j )

⎫⎪⎬

⎪⎭
(25)
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This result holds whether or not a boundary reflection occurs. Hence, the move step leaves πs invariant while
avoiding wasteful redraws at the boundary.

2.4.4. Implementation and Practical Guidance

Before turning to implementation details, we briefly summarize the convergence properties of PATPEMS. Under
mild regularity conditions on the prior, likelihood, and proposal kernels, and for a reasonable intermediate
sequence {βs}

S
s=0, the algorithm produces consistent particle approximations to the bridge sequence {πs}Ss=0.

Specifically, for each fixed stage s, the empirical measure of the particles converges to πs as the number of
particles increases. In particular, at the terminal stage s = S, the particle system converges to the posterior
distribution p(θ∣y). A formal statement of this result, together with a proof sketch based on standard SMC ar-
guments, is given in Text S3 of Supporting Information S1.

In the remainder of this subsection, we translate these theoretical requirements into practical choices of computing
environment, default hyperparameters, and tuning strategies for the intermediate‐distribution sequence, resam-
pling, and move steps. A complete configuration table with typical ranges is provided in Text S4 of Supporting
Information S1.

PATPEMS is implemented in MATLAB and uses the Parallel Computing Toolbox. All simulations in this study
were run at the Supercomputing Center of Lanzhou University, where jobs were distributed over multi‐core CPU
nodes by the system scheduler. The implementation runs on recent MATLAB versions (MATLAB R2018 or later
recommended) under Linux and Windows and can be used on either a single workstation or a high‐performance
computing (HPC) cluster. The MATLAB implementations of the PATPEMS and MT‐DREAM(ZS) algorithms
used in case studies 1–4 are openly available on Zenodo (https://doi.org/10.5281/zenodo.17546472) for repro-
ducibility and reuse.

For most calibration problems, PATPEMS can be used with a simple default configuration. Users specify
parameter bounds that define a uniform prior for each parameter and the likelihood function, and implement a
routine that evaluates the log‐likelihood (or log‐posterior) within these bounds. A particle number Np in the range
of 500–2000, together with a generous stage budget (e.g., S= 1,000), is usually sufficient for an initial run, since S
acts only as an upper limit for the adaptively chosen β sequence. The default adaptive β schedule, ESS‐triggered
resampling, and the standard mixture of ARM, DE‐MH, and crossover moves are recommended as the initial
configuration without modification. Parallel execution can be enabled whenever multiple CPU cores are avail-
able. A complete list of hyperparameters, default values, suggested ranges, and tuning guidance based on
diagnostic symptoms is given in Text S4 of Supporting Information S1.

The pseudocode of the PATPEMS algorithm is given below.
Input: prior po(θ) ; likelihood p(y∣θ) ; hyperparameters Np , S , CESStarget;
resampling policy and method; move-operator sequence (order and repeats);
boundary handler; parallel settings.
1: Initialization: draw θ(0)

i ∼ p0(θ) for j = 1,…,Np ; set w
(0)
j = 1/Np ; β0 = 0 and

s = 0
2: while (βs < 1) and (s < S) do
3: # Adaptive intermediate distribution sequence (CESS-guided)
4: Choose Δβs by monotone search such that CESS(Δβs) ≈ CESStarget
5: Set βs+1 = min(βs + Δβs,1).
6: # Reweighting (parallelizable across particles)
7: for j = 1,…,Np (in parallel) do

8: w(s+1)
j ← w(s)

j [p(y∣θ(s)
j )]Δβs

9: end for

10: Normalize the weights so that ∑

Np

j=1
w(s+1)
j = 1

11: # Resampling (triggered by ESS or periodic policy)
12: If resampling is triggered, then

13: Resample {(θ(s)
j ,w(s+1)

j )}
Np

j=1
using the chosen method
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14: Set w(s+1)
j = 1/Np for all j.

15: end if
16: # Move (user-defined operator order and optional repeats)
17: for op in the user-specificed move-operator sequence {DE-MH, XOVER, ARM},

with optional repeats, do
18: for i = 1,…,Np (in parallel) do

19: Propose a candidate θ(s)
j,p from θ

(s)
j using operator op.

20: Apply the boundary handler to obtain an in-box candidate if needed.

21: Evaluate likelihood p(y∣θ(s)
j,p)

22: Define the current intermediate target: πs(θ) ∝ p(y∣θ)βsp0(θ)

23: Compute M-H ratio: r = min{1,
πs (θ

(s)
j,p)

πs (θ
(s)
j )

}

24: Set the acceptance probability α = r.

25: if U(0,1) ≤ α then θ(s)
j ← θ(s)

j,p ; else keep θ
(s)
j unchanged.

26: end for
27: end for
28: Update the stage index: s← s + 1.
29: end while
30: if βs < 1 then
31: Terminate because the maximum number of stages S has been reached;
32: increase S and rerun the algorithm.
33: end if

3. Benchmark Experiments With Known Targets
In this section, we describe how we evaluated the ability of PATPEMS to recover complex posterior distributions
under controlled conditions with known analytic targets. The benchmark set included strong multimodality and
high dimensionality. Specifically, we considered: (a) a two‐dimensional 20‐mode Gaussian mixture, and (b) a
100‐dimensional asymmetric bimodal Gaussian mixture. For each target, PATPEMS was run multiple times with
different random seeds to assess the robustness of the diagnostics and posterior estimates. Table S3 in Supporting
Information S1 summarizes the PATPEMS settings used across these benchmarks, and all the performance
metrics are reported as averages over repeated runs together with measures of variability.

We quantify the fidelity of PATPEMS to known posteriors using two complementary distances and a small set of
algorithmic diagnostics. The marginal 2‐Wasserstein distance (W2) between the reference (F) and estimated (G)
marginal cumulative distribution functions (CDFs) is computed by quantile matching on a common probability
grid; for a scalar parameter,

W2(F,G) = (∫

1

0
[F− 1( p) − G− 1( p)]2dp)

1/2

(26)

where p ∈ [0,1] denotes the quantile level. In practice, we approximateW2 on a discrete grid {pk}
K
k=1 ⊂ (0,1) with

pk = k/ (K + 1) and typically K = 512, by matching the empirical quantiles F− 1 (pk) and G− 1 (pk) and
numerically integrating over the grid. For vector‐valued parameters θ, we optionally standardize each coordinate
before computing the marginal W2 values for coordinate q, so that distances are comparable across coordinates.
We then average the marginal W2 values over q = 1,… ,d and report the mean values as a single summary,
together with 95% confidence intervals across runs. Smaller W2 indicates closer alignment, and W2 = 0 implies
identical marginal distributions.

To further assess agreement in location and spread across parameters, we compute a marginal moment alignment
index Ds. For a d‐dimensional parameter vector, let μq,r and σq,r denote the reference marginal mean and standard
deviation of coordinate q, and let μq,s and σq,s denote the corresponding sample‐based estimates from the posterior
samples, where the subscript r stands for “reference” and the subscript s stands for “sample.” We define:
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Ds = [
1
2d

∑
d

q=1
{(

μq,r − μq,s

σq,r
)2 + (

σq,r − σq,s

σq,r
)2}]

1/2

(27)

This index summarizes how well the marginal means and standard deviations are recovered, with smaller values
indicating better agreement; Ds = 0 denotes perfect agreement. For single‐coordinate summaries, we use the
same expression with d = 1 and the sum restricted to the coordinate of interest.

Algorithmic diagnostics focus on the adaptive sequence of intermediate distributions {βs}
S
s=0 and the PATPEMS

particle system with its rejuvenation moves. Along the evolution path, we examine the trajectory of βs together
with the effective sample size ESS, computed from the normalized importance weights, and the conditional ESS
(CESS), computed from the incremental unnormalized weights, to assess weight degeneracy and the aggres-
siveness of each intermediate step. We also track acceptance rates for the two rejuvenation kernels—randomwalk
Metropolis‐Hastings (ARM) and differential evolution Metropolis‐Hastings (DE‐MH)—as well as the number of
resampling events triggered by ESS/CESS thresholds, as compact summaries of mixing and degeneracy. Finally,
we compute the cumulative log‐evidence, log Z, as the running sum of the stage‐wise log normalizing constant
estimates. A smooth, nearly monotonic trajectory indicates a stable sequence of intermediate distributions,
whereas sharp jumps (often accompanied by ESS/CESS collapses) signal overly aggressive updates of the
bridging exponent or numerical instability.

3.1. Case Study 1: A Two‐Dimensional Probability Distribution With 20 Modes

The first case study considered a two‐dimensional target density π(x), defined as the 20‐component Gaussian
mixture used by Liang and Wong (2001):

π(x) = ∑
20

i=1

ωi

2πσ2i
exp{−

1
2σ2i

(x − μi)
T (x − μi)} (28)

where x = (x1,x2)T ∈ [− 1,10]2, σ1 = σ2 = ⋯ = σ20 = 0.1, ω1 = ω2 = ⋯ = ω20 = 0.05, and (·)T denotes
transpose. The 20 mean vectors μi ∈R2 are:

(μ1,⋯,μ20) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2.18 8.67 4.24 8.14 3.93 3.25 1.70 4.59 6.91 6.87

5.76 9.59 8.48 1.68 8.82 3.47 0.50 5.60 5.81 5.40

5.41 2.70 4.98 1.14 8.33 4.93 1.83 2.26 5.54 1.69

2.65 7.88 3.70 2.39 9.50 1.50 0.99 0.31 6.86 8.11

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

T

(29)

Most local modes in this 2‐D 20 component Gaussian mixture are separated by more than 15 standard deviations,
making it a stringent test for multimodal inference. In our numerical experiment, we restricted the state space to
the square domain [− 1,10]2 and adopted a uniform prior over this bounded domain. For PATPEMS, the default
hyperparameter settings were used in this case study, as listed in Text S4.3 of Supporting Information S1.

Figure 5 presents algorithmic diagnostics for a representative PATPEMS run on the 2‐D 20‐mode Gaussian
mixture (RNG seed = 1): the sequence of bridging distributions βs increases smoothly to 1; pre‐resampling ESS
and relative CESS remain near the target under the chosen resampling policy; acceptance rates for ARM,
XOVER, and DE‐MH decline as annealing proceeds; and the cumulative log‐evidence log Z moves in an almost
monotonic fashion without abrupt jumps, indicating a numerically stable sequence of intermediate distributions
with limited weight degeneracy.

Figure 6 displays the corresponding posterior sample. The central panel shows the final particle cloud, with tight
clusters around all 20 ground‐truth component means, thereby recovering the full multimodal structure. The side
panels compare the associated one‐dimensional marginals with the analytic mixture: across both coordinates, the
area‐normalized kernel density estimations (KDEs) of the posterior samples closely follow the true densities,
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although small visual differences remain near a few high‐density peaks. The reported marginal moment‐
alignment index Ds and 1‐D Wasserstein‐2 distance W2 are likewise small, corroborating accurate alignment
in location, scale, and overall shape.

To assess stochastic variability, we repeated the experiment for random seeds (Text S5.5 in Supporting Infor-
mation S1). Although different seeds induce modest run‐to‐run fluctuations, the shaded uncertainty bands (±1
SD) around the marginal KDE means are uniformly narrow, and the cross‐seed averages of Ds and W2
(mean ± SD) remain low, indicating that randomness has limited influence and does not affect the conclusions.
Overall, PATPEMS achieves an accurate approximation of the 20‐mode target and exhibits robustness to random
seeds.

3.2. Case Study 2: A 100‐Dimensional Bimodal Gaussian Mixture Distribution

The second case study consideres a challenging high‐dimensional synthetic target: a 100‐dimensional unequal‐
weight bimodal Gaussian mixture, examined over the hypercube [− 10,10]100 (Vrugt et al., 2009). Let
θ ∈ [− 10,10]100, and the target density is defined as:

π(θ) =
1
3
N100 (θ; 51100, I100) +

2
3
N100 (θ; − 51100, I100) (30)

where 1100 denotes the 100‐dimensional vector of ones. This corresponds to two isotropic modes with common
covariance I100, unequal mixing weights (1/3, 2/3), and well‐separated means at ±51100. This setting stresses

Figure 5. Diagnostics of a PATPEMS run for the 2‐D 20‐mode Gaussian mixture (representative run, RNG seed= 1). Panels
show (a) the sequence of intermediate distributions βs; (b) pre‐resampling ESS with the resampling threshold; (c) relative
CESS (=CESS/Np); (d) M‐H acceptance rates for the ARM, XOVER, and DE‐MH kernels; (e) resampling indicators
(1 = resampled); and (f) the cumulative log‐evidence estimate.
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multimodal exploration under high dimensionality and unequal occupancy, thereby providing an informative
stress test for PATPEMS.

We adopted a balanced baseline configuration, denoted B1, selected from short pilot runs rather than adopted as a
default setting to balance accuracy and computational cost. Specifically, we used Np = 1000 particles and an
adaptive sequence of intermediate distributions that keeps the relative CESS within a target band [0.8, 0.9] by
adjusting Δβs, together with a small step floor and a mild growth limiter to avoid stage inflation. Resampling was
triggered when the effective sample size satisfied ESS < 0.72Np. The move‐operator sequence {ARM, XOVER,
DE‐MH × 2} combines long range cross mode jumps, high dimensional recombination, and local refinement.

Under this configuration, PATPEMS accurately recovers both modes and their unequal occupancies. The di-
agnostics in Figure 7 show that the sequence of bridging distributions βs anneals smoothly to 1, the pre‐
resampling ESS and relative CESS stay close to their targets with relatively sparse resampling, the M‐H
acceptance rates remain in the intended range, and the cumulative log‐evidence stabilizes without abrupt
jumps. These results indicate numerically stable performance in this 100‐dimensional setting.

The posterior samples further confirm the accuracy of the approximation. Particle paths quickly move toward ±5
and then fluctuate within each basin with occasional cross‐mode transitions (Figure 8a). Figure 8b confirms the
marginal fidelity: for θ1− θ20, the empirical one‐dimensional posteriors are nearly indistinguishable from the

Figure 6. PATPEMS posterior for the 2‐D 20‐mode Gaussian mixture. The central panel shows the final particle cloud under
the default hyperparameter settings, where the black dots denote particles and the magenta crosses mark the true component
means. The left and bottom panels display the corresponding one‐dimensional marginals for x2 and x1, respectively. The
solid black curves give the analytic mixture, and the shaded blue regions with dashed blue lines show KDEs of the posterior
samples (densities area‐normalized). The in‐panel numbers report the marginal moment‐alignment index Ds and the one‐
dimensional Wasserstein‐2 distance W2 between the estimated and reference marginals.
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analytic mixture, and the remaining 80 coordinates exhibit the same level of agreement (Text S6.2 in Supporting
Information S1).

To further characterize the tuned PATPEMS configuration used above, we also performed a systematic ablation
of the PATPEMS hyperparameters using the same 100 dimensional unequal weight bimodal target as a stress test.
The full settings and diagnostics are reported in Text S7 of Supporting Information S1. Briefly, these experiments
show that posterior accuracy is most sensitive to the adaptive sequence of intermediate distributions and the DE‐
MH/XOVERmove backbone, whereas wall‐clock time is controlled mainly by Np. With moderately conservative
ESS‐triggered resampling, once the sequence of bridging distributions and moves are tuned, different random
seeds yield very similar results, indicating that this configuration is robust even in high‐dimensional multimodal
settings.

4. Real‐World Case Study: Common Land Model Parameter Estimation
This section introduces the two Common Land Model (CoLM) parameter calibration experiments conducted in
realistic model‐data settings. Because, in practice, the exact posterior is unknown, we used one synthetic
experiment and one real‐data experiment to evaluate the performance of PATPEMS. In the synthetic observation
case, data were generated from the CoLM with known parameter values and no imposed model‐data mismatch.
This setup validates the inference pipeline and tests whether PATPEMS can recover the generating parameters
and their posterior distribution. The real‐data experiment used observations from the A'rou Station site on the east
edge of the Qinghai–Tibet Plateau to infer the joint posterior of the key parameters and to assess predictive
performance under possible model‐data mismatch. In both CoLM experiments, MT‐DREAM(ZS) was run with
carefully tuned settings and long chains so that its posterior provided a benchmark reference for PATPEMS.

Figure 7. Diagnostics of a PATPEMS run for the 100‐dimensional asymmetric bimodal Gaussian target (configuration B1;
RNG seed = 1). The panels show the same diagnostics as in Figure 5: (a) the sequence of intermediate distributions βs;
(b) pre‐resampling ESS with the resampling threshold; (c) relative CESS(=CESS/Np); (d) M‐H acceptance rates for the ARM,
XOVER, and DE‐MH kernels; (e) resampling indicators (1 = resampled); and (f) the cumulative log‐evidence log Z.
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Convergence of the MT‐DREAM(ZS) algorithm was monitored using the Gelman‐Rubin diagnostic R̂ (Gelman &
Rubin, 1992), and in accordance with the DREAM documentation (Vrugt, 2016), only samples collected after all
parameters satisfied R̂ ≤ 1.2 were retained as posterior draws.

4.1. Case Study 3: Synthetic CoLM Benchmark for High‐Dimensional Bayesian Calibration

This synthetic benchmark aimed to assess the accuracy of the PATPEMS algorithm for the CoLM under the
condition of no model‐data mismatch. The CoLM model was developed by Dai et al. (2003) to simulate energy,
momentum, water, and carbon exchanges between land and atmosphere (Meng et al., 2009). Based on their
importance in water‐carbon interactions, three key output variables from the CoLM—latent heat flux (LE), net

Figure 8. PATPEMS results for the 100‐dimensional asymmetric bimodal Gaussian target (configuration B1; RNG seed = 1). (a) Trajectories of 20 randomly selected
particles for six randomly selected coordinates across evolution stages. (b) One‐dimensional marginals for coordinates θ1 − θ20: the blue histograms show the
PATPEMS posterior samples, and the orange curves show the analytic mixture density. The remaining 80 coordinates are provided in Text S6.2 of Supporting
Information S1.
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ecosystem exchange (NEE), and root zone soil moisture at 10 cm (RSM)—were selected as target variables for
the Bayesian parameter estimation. Based on a comprehensive sensitivity analysis (Text S8.1 in Supporting
Information S1), six parameters—P34, P2, P4, P33, P5, and P9—were identified and selected for Bayesian
estimation of these three targets; their priors and bounds are provided in Table S9 of Supporting Information S1.
Half‐hourly meteorological forcing data from A'rou Station (38°02′ N, 100°27′ E) were used to drive the CoLM
model (Liu et al., 2018; Text S9 in Supporting Information S1). Standard spin‐up was performed during June 1 to
31 August 2020, and the 2021 period was used for calibration.

To enable direct quantification of accuracy, we fixed the CoLM default parameter vector as the ground truth θ∗.
Synthetic observations were generated by first computing noise‐free simulations f (v) (xt;θ∗) for each target
v ∈ {LE,NEE,RSM}, and then adding independent, zero‐mean, homoscedastic Gaussian errors ε(v)t ∼ N (0,σ2v),
assumed mutually independent over time and across variables, with σv = 0.05 × SD{f (v)}. Thus, the synthetic

observation for target v at time t is y(v)t = f (v) (xt; θ∗) + ε(v)t , and the inference stage adopts the same error model
through the three‐target joint Gaussian log‐likelihood:

log p(yt∣θ) = −
1
2

∑
v∈{LE,NEE,RSM}

⎡

⎢
⎢
⎢
⎣
log(2πσ2v)+

(y(v)t − f (v) (xt;θ))
2

σ2v

⎤

⎥
⎥
⎥
⎦

(31)

Here, yt = (y(LE)t ,y(NEE)t ,y(RSM)
t )

T
denotes the three‐target observation vector at time t.

To obtain a high‐quality reference posterior under identical priors and likelihood, we ran MT‐DREAM(ZS) with
multiple parallel chains, generations, and multi‐try proposals, and adaptive scaling during burn‐in (Vrugt, 2016).
Hyperparameters and run settings for both MT‐DREAM(ZS) and PATPEMS are summarized in Table S3 of
Supporting Information S1. For MT‐DREAM(ZS), we allocated a total of 10,000 iterations to ensure convergence.
Convergence was monitored following the DREAM documentation using the Gelman‐Rubin potential scale
reduction factor R̂q, where q = 1,… ,d indexes the parameter coordinates. The chains are extended until
maxq=1,… ,d R̂q ≤ 1.2. We then applied PATPEMS under the same priors and likelihood specification.

The evaluation focuses on the six sensitivity‐selected parameters using two complementary metrics: (a) Distri-
butional discrepancy, quantified by the one‐dimensional Wasserstein‐2 distance W2 between per‐parameter
marginals (definition and computation given earlier; here W2 is used purely as an inter‐distribution distance).
(b) Deviation from the default parameter, measured as the absolute difference between each sampler's marginal
maximum a posteriori (MAP) estimate and the default value, reported as a percentage of that parameter's prior

width, that is,
⃒
⃒
⃒θ̂
MAP
q − θ∗

q

⃒
⃒
⃒/(θmax,q − θmin,q) × 100%, where θ̂

MAP
q denotes the marginal MAP estimate of

parameter q, θ∗
q is its default value, and θmax,q − θmin,q is its prior width. Smaller values indicate closer agreement

with the default parameter.

Convergence diagnostics are strong for both samplers. For MT‐DREAM(ZS), both the univariate and multivariate
R̂ drop below the threshold early and remain stable, the acceptance rate stays nearly 40%, and the adaptive
crossover selection concentrates on nCR = 1.00 (Figures S16–S19 in Supporting Information S1). The trace plots
of all MT‐DREAM(ZS) chains for the six calibrated parameters further confirm that the chains stabilize quickly
around the MAP region. For PATPEMS, the CESS‐guided sequence of intermediate distributions is smooth,
resampling is triggered when needed, DE‐MH and crossover acceptance rates stabilize after an initial ramp‐up,
the cumulative log‐evidence increases monotonically, and the corresponding particle‐path plots across stages
show rapid concentration and no residual drift for all parameters (Figures S22 and S23 in Supporting
Information S1).

With identical priors and likelihood, the two samplers yield closely matching posteriors across all six parameters.
The marginal MAP error, normalized by prior width, is <0.2% for both methods, and the 1‐D Wasserstein‐2
distances (W2) are small (≤ 0.17 in parameter units; Figure 9). Importantly, the marginal shapes (skewness, tail
mass, and peak sharpness) now align closely across all six parameters, with near‐perfect agreement between
methods. Any remaining discrepancies are negligible relative to the prior ranges and do not affect the point
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estimates or uncertainty quantification. Overall, in this no model‐data mismatch setting, PATPEMS accurately
recovers the true posterior and closely tracks the long‐run MT‐DREAM(ZS) baseline.

4.2. Case Study 4: Estimating CoLM Parameters Using Observed Data Sets

In Case 4, we applied PATPEMS and MT‐DREAM(ZS) to the CoLM parameter calibration using real observa-
tions with two goals: (a) to verify that PATPEMS can reproduce the reference posterior obtained by MT‐
DREAM(ZS) in a realistic setting, and (b) to assess how parameter calibration improves both the deterministic
performance and probabilistic predictive skill of the CoLM. The six sensitive parameters of the CoLM, identified
in Case 3, were calibrated against half‐hourly observations of LE, NEE, and RSM from the A'rou site for 1
June–31 August 2021.

The main calibration used a concentrated Gaussian likelihood to link the CoLM outputs to the LE, NEE, and RSM
observations. Let y(v)t and f (v) (xt; θ) denote the observation and CoLM simulation, respectively, for the variable
v ∈ {LE,NEE,RSM} at half‐hourly time t = 1,… ,T. We assume:

Figure 9. One‐dimensional marginal posteriors for six parameters, comparing MT‐DREAM(ZS) (black) and PATPEMS
(blue). The shaded curves are area‐normalized KDEs on the bounded prior domain; the orange vertical line marks the truth.
TheMT‐DREAM(ZS) reference posterior is assembled from post‐burn‐in stationary draws (last 5,000 iterations; convergence
achieved before iteration 2000). The PATPEMS KDE uses samples from the final evolution stage. The insets report, for each
panel, the truth, the marginal MAP from MT‐DREAM(ZS) [MAP(M)], the marginal MAP from PATPEMS [MAP(P)], and
the standardized 1‐D Wasserstein distance (W2). (g) Estimation accuracy summary: absolute MAP deviation from the truth
expressed as a percentage of the prior width for each parameter (lower is better). Sampler diagnostics and algorithm‐specific
marginal histograms are provided in Figures S18–S24 of Supporting Information S1.
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y(v)t = f (v) (xt; θ) + ε(v)t ,ε(v)t ∼ N (0,σ2v) (32)

with residuals that are mutually independent across variables and time. For a given parameter vector θ, we
compute the residual sum of squares:

SSEv(θ) = ∑
T

t=1
( y(v)t − f (v) (xt; θ))2 (33)

and plug in the maximum‐likelihood estimate σ̂2v(θ) = SSEv(θ)/T. The resulting joint log‐likelihood is:

log p( y∣θ) = −
T
2

∑
v∈{LE,NEE,RSM}

[log(2π) + log(
SSEv(θ)

T
) + 1] (34)

Compared with Case 3, where the residual standard deviations were fixed to 5% of the observed range of each
variable, this specification retains the independent Gaussian assumption but lets the error variance be inferred
from the residuals at each θ.

Under this Gaussian likelihood, MT‐DREAM(ZS) was first run to obtain a reference posterior, and the marginal
posteriors from PATPEMS were compared against this reference to check the sampling accuracy. Based on the
PATPEMS posterior samples, we then evaluated the impact of calibration by comparing, for each target variable,
the root‐mean‐square error (RMSE) and Nash‐Sutcliffe efficiency (NSE) between simulations (default vs.
posterior‐median parameters) and observations.

To assess the quality of the full posterior predictive distributions, we additionally constructed 95% posterior
predictive intervals and summarized them with the negatively oriented interval score (Gneiting & Raftery, 2007).
For each time step and variable, the interval score can be calculated as:

Sintα (l,u; x) = (u − l) +
2
α
(l − x) 1{x < l} +

2
α
(x − u) 1{x > u} (35)

where l and u are the lower and upper bounds of the central (1 − α) × 100% prediction interval, x is the cor-
responding observation, α = 0.05 in this study (95% intervals), and 1{·} is the indicator function. When the
observation lies inside the interval, the score reduces to the interval width u − l; if it falls outside, an additional
penalty proportional to the distance from the interval is added. Thus, smaller values of Ssin t

0.05 indicate sharper yet
better‐calibrated predictive intervals.

Algorithm settings for both samplers are summarized in Supporting Information Table S3. The convergence
diagnostics confirm that the MT‐DREAM(ZS) reference run is well mixed (Figure S27 in Supporting Informa-

tion S1): all univariate R̂ values for the six calibrated parameters rapidly drop below 1.1, and the multivariate R̂d

likewise approaches 1 after about 1,500 generations, indicating that the resulting reference posterior is stable and
reliable. For PATPEMS, the adaptive sequence of intermediate distributions (Figure S28 in Supporting Infor-
mation S1) similarly show well‐behaved intermediate targets, stable particle diversity, and a numerically robust
performance throughout the run.

Under the shared Gaussian likelihood assumption, the marginal posteriors from PATPEMS closely match those
from MT‐DREAM(ZS) for all six CoLM parameters (Figure 10). The MT‐DREAM(ZS) reference densities were
estimated from the last 5,000 post‐burn‐in samples, and the PATPEMS KDEs almost overlap with them, with
very similar modes and small Wasserstein distances. This agreement indicates that PATPEMS reproduces the
MT‐DREAM(ZS) posterior accurately in this realistic calibration setting.

Using the posterior samples from PATPEMS under the Gaussian likelihood assumption, we propagated the
CoLM over the calibration period and compared the resulting simulations with the default parameter run. It can be
seen that calibration systematically improves the deterministic performance (Table 1): RMSE is reduced for all
three targets, with particularly strong gains for LE and RSM, and NSE increases accordingly, most notably for
RSM, where NSE improves from a negative value for the default run to a clearly positive value after calibration.
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Probabilistic performance is likewise enhanced: the interval score Ssin t
0.05 de-

creases for LE, NEE, and RSM, indicating sharper yet better‐calibrated 95%
posterior predictive intervals.

These improvements are also evident in the aggregated daily time series used
for visualization (Figure 11). For all targets, the posterior‐median simulations
track the observations more closely than the default run, reducing both bias
and phase errors, while the 95% posterior predictive bands capture most of the
observed variability without becoming excessively wide.

As a final sensitivity check, we also repeated the calibration with a more
flexible robust likelihood that allows per‐series Box‐Cox/Yeo‐Johnson
transformations, AR(1) residual correlation, mild heteroscedasticity, and
inflated or Student‐t innovations (Text S10.1 in Supporting Information S1).
This analysis is kept separate from the main Gaussian‐likelihood results
above. Under the robust likelihood, MT‐DREAM(ZS) and PATPEMS again
deliver nearly identical marginal posteriors (Figure S29 in Supporting In-
formation S1), demonstrating that the two algorithms provide consistent in-
ferences across markedly different likelihood specifications. However,
comparing the Gaussian and robust likelihoods reveals noticeable changes for
some parameters, most clearly P34, P4, and P33, with modest shifts in
location and spread. The robust‐likelihood comparison also shows smaller
gains in RMSE and NSE and substantially larger interval scores, suggesting
that, for this data set, the simple independent Gaussian error model provides
more informative and better‐calibrated predictions than the robust specifi-
cation. These results indicate that the calibrated CoLM parameters retain
some sensitivity to how the residual structure and scaling are modeled.

Figure 10. Marginal posterior comparison for the six calibrated CoLM parameters in Case 4: MT‐DREAM(ZS) (black) versus
PATPEMS (blue) under the Gaussian likelihood assumption. Shaded areas show KDEs normalized to unit area. MT‐
DREAM(ZS) densities are based on the last 5,000 post‐burn‐in samples.

Table 1
Deterministic and Probabilistic Performance of the CoLM in Case 4: Default
Parameters Versus PATPEMS Calibration Under the Gaussian Likelihood
Assumption

Target Metric Default PATPEMS (Gaussian)

LE RSME 78.71 61.58

NSE 0.618 0.76

Ssin t
0.05 518.56 372.72

NEE RMSE 8.90 8.49

NSE 0.25 0.31

Ssin t
0.05 53.45 52.42

RSM RMSE 5.03 2.54

NSE − 1.51 0.35

Ssin t
0.05 22.81 11.93

Note. Metrics are computed on the original half‐hourly LE, NEE, and RSM
series. RMSE and NSE are based on the CoLM simulations generated with
either the default parameter vector or the posterior‐median vector from
PATPEMS, compared against observations, whereas the interval score is
evaluated from the corresponding 95% posterior predictive distributions
obtained by combining the CoLM outputs with the Gaussian residual model.
Lower RMSE and Ssin t

0.05 and higher NSE indicate better performance.
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5. Discussion
5.1. Methodological Positioning of PATPEMS

SMC andMCMC can be combined for different inferential purposes. One line of methods is developed mainly for
state‐space problems, where particles represent time‐evolving latent states or state‐parameter trajectories, and
MCMCmoves are used to improve state‐parameter inference. Particle‐DREAM is a representative example, as it
embeds DREAM‐type MCMC kernels within a particle‐filtering framework for joint state and parameter esti-
mation in dynamical systems (Vrugt et al., 2013). Another line uses SMC as a sampler for offline approximation
of static posterior distributions, where MCMC rejuvenation moves help maintain particle diversity across in-
termediate targets (Chopin, 2002; Del Moral et al., 2006; Doucet et al., 2000; Jeremiah et al., 2011, 2012).
PATPEMS belongs to this latter setting: its particles are candidate parameter vectors, and its sequential structure
denotes the bridging process from the prior to the posterior, from πs(θ) to πs+1(θ) , rather than physical time
propagation of model states.

For offline static parameter estimation, the innovation of PATPEMS lies in how the particle evolution process is
organized and strengthened. The algorithm integrates an adaptive bridging schedule, flexible ordering and
repetition of MCMC move operators, reversible boundary handling, and particle level parallelization. These
components are designed to work together in the same sampling framework: the adaptive transition regulates the
distance between consecutive intermediate targets, the move operators rejuvenate particles at complementary

Figure 11. Daily mean CoLM targets: default run versus posterior predictive distribution under the Gaussian likelihood
assumption. Half‐hourly LE, daytime net ecosystem exchange (NEE), nighttime NEE, and RSM series are averaged to daily
means for visualization. The black lines show the observations, the orange dashed lines the default CoLM simulation, the
blue solid lines the simulation at the PATPEMS posterior‐median parameter vector, and the shaded bands the corresponding
95% posterior predictive intervals obtained by combining the CoLM outputs with the Gaussian residual model.
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exploration scales, the boundary treatment preserves valid proposal behavior under bounded priors, and the
parallel structure reduces wall clock burden for expensive model evaluations. In this way, PATPEMS targets the
central difficulty of static posterior sampling: moving a finite particle population through increasingly infor-
mative intermediate distributions while maintaining diversity and a valid posterior approximation.

5.2. Algorithmic Performance

Building on the original PEM‐SMC framework, PATPEMS introduces two additional design components: an
adaptive scheme for the sequence of intermediate distributions and a combined MCMC move mechanism with
multiple complementary kernels. First, the adaptive sequence of intermediate distributions, driven by a target
band for the relative conditional effective sample size, ties each update of the bridging exponent to a stability
diagnostic of the weighted particle system, with bounds on the minimum step size and its growth rate to avoid
both collapse inducing jumps and an unnecessary proliferation of stages (Del Moral et al., 2006; Jasra et al., 2011;
Zhou et al., 2016). In the four case studies with different complexities, the adaptive procedure generally required
fewer than 300 intermediate stages to transport the initially specified particles to the target posterior distributions.
This suggests that the CESS‐based adaptive mechanism can guarantee the generated intermediate distribution
sequence transitions quickly and stably from the prior to the posterior. At the same time, by reducing unnecessary
intermediate stages and thereby avoiding repeated reweighting and move operations, it further improves the
computational efficiency of the PATPEMS algorithm.

Second, the move step in PATPEMS is designed as a configurable manner rather than a fixed procedure. During
this step, the combination, number, and order of operators used to update particles can be flexibly specified
according to the target distribution. For complex high‐dimensional distributions, such as Case Study 2, this
flexibility is particularly important, because adding operators or repeating selected operators within a move step
can substantially strengthen the exploration ability of the particle population. In the original PEM‐SMC algo-
rithm, the move step used a fixed operator sequence {XOVER, DE‐MH}, which could handle at most about 35
dimensions for this type of multimodal Gaussian mixture target. In contrast, PATPEMS allows the move
configuration to be adjusted more flexibly, and the configuration {ARM, XOVER, DE‐MH × 2} scaled the same
target structure to 100 dimensions in Case Study 2. The additional analyses in Text S11 of Supporting Infor-
mation S1 further examine the role and limitations of XOVER, showing that its contribution depends on the target
distribution and that it is more effective in high‐dimensional settings, where coordinate‐wise recombination can
help maintain particle diversity during the move step. These results indicate that the improved high‐dimensional
performance of PATPEMS arises not from a single transition kernel, but from the configurable combination of
multiple complementary operators within the SMC move step. This design also suggests a feasible direction for
further improving MCMC‐based sampling algorithms. For example, multiple proposal densities or repeated
proposal mechanisms can be used at each update stage to generate more diverse candidate samples and thereby
strengthen spatial exploration, especially for high‐dimensional or multimodal posterior distributions.

5.3. Computational Efficiency

For SMC type methods, computational efficiency depends primarily on four factors: the number of particles, the
length of the intermediate distribution sequence, the number of particle update operators, and the cost of each
forward model run. Increasing the number of particles or adding move operators generally increases the total
number of model evaluations, while a longer sequence of intermediate distributions also leads to repeated
reweighting and rejuvenation steps. Therefore, PATPEMS does not remove the intrinsic computational burden of
sampling based Bayesian calibration. Its practical efficiency instead comes from the particle based structure of the
algorithm, in which most model evaluations during the reweighting and move steps are independent and can be
distributed across parallel workers. For example, in the same CoLM experiment, the wall clock time decreased
from 16.71 h with 20 workers to 13.51 h with 40 workers and 12.15 h with 64 workers. Thus, the practical
advantage of PATPEMS lies not in minimizing the number of serial model evaluations, but in exploiting parallel
throughput to convert independent particle evaluations into improved posterior exploration. This makes the
method particularly suitable for expensive calibration problems where many forward simulations can be executed
in parallel. However, this advantage should not be interpreted as removing the practical barriers associated with
very expensive forward models. If a single forward run takes minutes or hours, parallel sampling alone may still
be insufficient. In such cases, practical Bayesian calibration will likely require combining sampling methods with
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surrogate models, reduced order approximations, or multifidelity strategies (Benner et al., 2015; Gong
et al., 2016; Peherstorfer et al., 2018).

A direct comparison with DREAM type algorithms also indicates that PATPEMS may require more total model
evaluations in some cases. In the tested cases, PATPEMS generally requires approximately 2–3 times more model
evaluations to obtain a comparable posterior approximation, depending on the target distribution, tuning
configuration, and accuracy criterion (Texts S5.4, S6.1, and S8.3 in Supporting Information S1). This higher cost
mainly reflects the need to maintain and evolve a full particle population through repeated reweighting and
multiple move operators. However, these model evaluations are highly parallelizable in PATPEMS, which can
partly compensate for the larger evaluation count in terms of wall clock time. Therefore, PATPEMS is more
suitable when sufficient parallel computing resources are available and each model run is not prohibitively
expensive. In this situation, many particle evaluations can be performed at the same time, making the larger
number of model evaluations more manageable. For extremely expensive forward models, additional acceleration
strategies may still be needed.

5.4. Structural Deficiencies of the CoLM Model

Parameter calibration with advanced Bayesian algorithms helps not only to tune models but also to expose
structural limitations. In our CoLM applications (Cases 3 and 4), both PATPEMS andMT‐DREAM(ZS) yield very
similar posteriors under matched priors and likelihoods, yet neither removes the systematic underestimation of
nighttime NEE (Figure 9). This indicates that the bias is not primarily a parameter issue but reflects the structural
uncertainty, in particular in the parameterization of soil respiration. In the CoLM, soil respiration is represented
by a purely temperature‐driven Lloyd‐Taylor‐type exponential function (Lloyd & Taylor, 1994), originally fitted
to annual or longer‐term data, which is known to be inadequate for resolving sub‐daily carbon dynamics (Chen
et al., 2013; Raich et al., 2002). Our results support strengthening the soil carbon module by incorporating more
mechanistic biogeochemical couplings, such as Century style carbon pools (Parton et al., 1993), microbial
regulation as in RothC‐26.3 (Coleman& Jenkinson, 1996), and enzyme‐mediated kinetics similar to recent CoLM
implementations (Lawrence et al., 2019).

Case 4 shows that likelihood choice cannot by itself compensate for structural error. Under both a simple
Gaussian residual model and a more elaborate robust likelihood, the two samplers produce nearly identical
posteriors for a given likelihood, and neither likelihood formulation removes the nighttime NEE bias. This
suggests that, in the present setting, the differences between Gaussian and robust error models mainly redistribute
how mismatch is partitioned between “noise” and structure, while the dominant limitation lies in the process
representation itself rather than in the sampler or the specific residual model.

6. Conclusion
In this study, we developed the PATPEMS algorithm, an adaptive and parallel sequential Monte Carlo sampler for
Bayesian parameter calibration in complex environmental models. Building on our previous PEM‐SMC
framework, PATPEMS introduces three key refinements aimed at the practical limitations of the existing
SMC‐based approaches: (a) adaptive intermediate‐distribution scheme to control weight degeneracy and auto-
matically select intermediate stages; (b) flexible scheduling of Metropolis‐type move kernels, coupled with
appropriate boundary handling, to improve particle diversity and mixing under box constraints; and (c) explicit
particle‐level parallelization to exploit modern multicore architectures and reduce wall‐clock time for compu-
tationally intensive models. Together, these design choices strengthen the robustness and computational effi-
ciency of SMC on challenging posterior targets.

The performance of PATPEMSwas assessed on four case studies of increasing complexity, including multimodal
and high‐dimensional synthetic targets and a computationally demanding LSM (CoLM) constrained by multi‐
stream observations of latent heat, NEE, and root‐zone soil moisture. Across all the experiments, PATPEMS
provided close approximations to the target posteriors, including synthetic ground truths and reference solutions
from the MT‐DREAM(ZS) MCMC algorithm. In the CoLM applications, the calibrated posteriors delivered clear
improvements over the default parameter set in reproducing the observed dynamics of all three target variables,
while the parallel implementation yielded substantial reductions in wall‐clock time compared with a non‐parallel
SMC baseline. Relative to the original PEM‐SMC implementation, PATPEMS reduced the number of evolution
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stages and model evaluations needed to reach a given posterior resolution, and showed clear, although sub‐linear,
strong scaling as the number of workers increased.

Overall, PATPEMS provides a practical and scalable Bayesian calibration tool for multimodal, high‐dimensional,
and computationally expensive land surface and environmental models. Future work will focus on tighter inte-
gration with advanced parallel hardware, automated tuning of move‐kernel mixtures and likelihood specifica-
tions, and extending the framework to higher‐dimensional parameter spaces and additional Earth system
applications.
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